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Abstract 



The oriented chromatic number of an oriented graph G is the minimum order 
of an oriented graph H such that G admits a homomorphism to n . The oriented 
O \ chromatic number of an undirected graph G is then the greatest oriented chromatic 

number of its orientations. 

In this paper, we introduce the new notion of the upper oriented chromatic 
number of an undirected graph G, defined as the minimum order of an oriented 
graph if such that every orientation G of G admits a homomorphism to if . We 
OO ' give some properties of this parameter, derive some general upper bounds on the 

ordinary and upper oriented chromatic numbers of Cartesian, strong, direct and 



Q I paths 



lexicographic products of graphs, and consider the particular case of products of 



K^ • 1 Introduction 

5t , All the graphs we consider in this paper are simple, with no loops or multiple edges. 

An oriented graph G = {V{G), E{G)) is an antisymmetric digraph obtained from an 
undirected graph G = {V{G), E{G)) having the same set of vertices, V{G) = V{G), by 
giving to each edge {u,v} in E{G) one of its two possible orientations, {u,v) or {v,u). 
Such an oriented graph G is said to be an orientation of G. 

Let G and H be two undirected graphs. A homomorphim from G to if is a mapping 
h : V{G) — > V{H) such that for every edge {u, v} in E{G), {h{u), h{v)} is an edge in H. 
We write G -^ H whenever such a homomorphism exists. Homomorphisms of oriented 
graphs are defined similarly, by using arcs instead of edges. 

A proper k-coloring of an undirected graph G is a mapping c : V{G) — > {1, 2, . . . , A;} 
such that c{u) ^ c{v) for every edge {u,v} in E[G). Such a coloring can also be viewed 
as a partition of V{G) into k disjoint independent sets Vi, . . . , Vk- The chromatic number 
x{G) of G is then the smallest k for which G admits a proper fc-coloring. It is easy to see 
that x(G') also corresponds to the smallest k for which G — ?■ K^, where K^ stands for the 
complete graph of order k. 

An oriented k-coloring of an oriented graph G is a partition oiV{G) into k disjoint 
independent sets, such that all arcs linking any two of these sets have the same direction. 



Such an oriented coloring is thus a mapping 7 : V{G) — > {1,2,..., k} such that 'y{u) 7^ 
7(v) for every arc {u,v) in E(G) and 7(w) 7^ 7(0;) whenever there exist two arcs {u,v) 
and {w,x) in E(G) with 7(f) = 7(14;) (f and w are not necessarily distinct). 

The oriented chromatic number Xo{G) of an oriented graph G is then defined as the 
smallest k for which G admits an oriented fc-coloring. As before, XoiG) also corresponds 
to the smallest order of an oriented graph T for which G ^ T . If G is an undirected 
graph, the oriented chromatic number Xo{G) of G is defined as the highest oriented 
chromatic number of its orientations: 

XoiG) = max { XoiG), G is an orientation of G }. 

Most of the papers devoted to oriented colorings were concerned with upper bounds 
on the oriented chromatic number of special classes of graphs [H Ej [3], [5], [71 [9l [HI [121 E] • 
In many cases, such bounds were obtained by proving that every orientation of any graph 
in a given class admits a homomorphism to some specific oriented graph (sometimes a 
tournament). This observation motivates the introduction of a new parameter, that we 
call the upper oriented chromatic number of an undirected graph G, defined as the smallest 
order of an oriented graph T such that G ^ 1 for every orientation G of G. 

The aim of this paper is to initiate the study of this new parameter. We shall give 
general bounds on the upper and ordinary oriented chromatic numbers of lexicographic, 
strong, Cartesian and direct products of undirected and oriented graphs, with a particular 
focus on products of paths. 

This paper is organised as follows. In Section [21 we give the main definitions we shall 
use later and provide some elementary properties of the upper oriented chromatic number. 
The four following sections are respectively concerned with lexicographic, strong, Carte- 
sian and direct products of graphs, and contain our main results. Some open problems 
and directions for future work are discussed in Section [3 

2 Definitions and notation 

We denote by Pk the path on k vertices, by Ck the cycle on k vertices and by Kk the 
complete graph on k vertices. If G is an undirected graph, we denote by {-u, v} an edge 
linking vertices u and v in G. If G is an oriented graph, we denote by (m, v) an arc 
directed from vertex u to vertex f in G . A directed path of length k in an oriented graph 
G is a sequence of vertices Xi. . .Xk such that (xj,Xj+i) G E{G) for every i, 1 < i < k. 
We shall denote by DPk the particular orientation of the path Pk corresponding to the 
directed path of length k, while Pk will denote any orientation of Pk- For any two sets A 
and B, the Cartesian product A x B denotes the set { [a,b], a E A, b E B Y 

An oriented clique H is an oriented graph in which every pair of vertices is joined by 
a directed path of length 1 or 2. From the definition of oriented colorings, it follows that 
Xo{H) = \V{H)\, whenever H is an oriented clique. 

We define the upper oriented chromatic number of an undirected graph G, denoted 
xt{G), as the smallest order of an oriented graph 1 such that G -^ 1 for every orien- 
tation G of G. The property of having upper oriented chromatic number at most k is 
hereditary, that is xti^) < X^(G) for every subgraph H of G. 

From this definition, we clearly have: 

Proposition 1 For every undirected graph G, Xo{G) < x^(G). 



Consider for instance the cycle C3 on three vertices. We have XoiC^) = 3 since 
Xo{G) < I^IG*)! for every undirected graph G and any two vertices in any orientation 
C3 of C3 are hnked by a directed path of length 1 or 2. However, xiJ^lC's) = 4 since 
the smallest oriented graph contained both a directed 3-cycle and a transitive 3-cycle as 
subgraphs has four vertices. 

More generally, for every n > 3, Xo{Kn) = n and xti-^n) = ^(^), where e{n) stands 
for the minimum size of an n-universal tournament, that is a tournament containing every 
tournament of order n as a subgraph. The following result is proved in [6], Chapter 17]: 

Theorem 2 For every n>l, 

n-1 



2^ < e{n) < ^ 

2V2 



?2 2 2 if n is odd, 

-^ n 2 2 if n even. 



Hence, the difference between Xo{G) and xti^) can be arbitrarily large. 

For every graph G, let uj{G) denote the clique number of G, that is the maximum 
order of a complete subgraph of G. From Theorem Ej we get the following general lower 
and upper bounds on the upper oriented chromatic number of any graph: 

Corollary 3 For every graph G of order n and clique number oj{G), 

XUG) > xUK^iG)) > 2"^^^ 

and 

^/^x ^/.^x I n2^ if n is odd, 

xtiG) < xUKn) < <^ 3 0^ , 

1 -4= n 2 2 if n even. 

For complete bipartite graphs, we have the following: 
Theorem 4 For every m, n with m <n, 

Xo{Km,n) = rn + min{n, 2""} 
and 



Proof. Let {xi, . . . ,Xm} and {2/1, . . . ,yn\ denote the two maximal independent sets of 
Km,n- We first consider xt{^m,n)- Let T be the oriented graph defined by 

V(f) = {ai, . . . , a„} U {65, 5 C {1, 2, ... , m}} 

and {ai,bs) E E{T) if and only ii i E S. Let now Km,n be any orientation of Km,n- 
For every j, I < j < n, let N~{yj) = {xi, {xi^yf) G E{Krn,n)}- Clearly, the mapping 
(fi : V{Km,n) — >■ y{T) defined by (p{xi) = ai for every i, 1 < i < m, and (p{yj) = bM-{y-) 
for every j, 1 < j < ri, is a homomorphism and, therefore, xt{^rn,n) < m + 2"^. 



We now consider xti'^rn,n)- Suppose first that n > 2"* and let Si, ... ,82^ denote 
the 2"* subsets of {1,2, . . . ,m}. Let now Krn,n be the orientation of K.m^n defined by 
{xi,yj) G E{Km,n) if and only if j < 2™ and i G Sj, and let X denote the subgraph 
of Km,n induced by the set of vertices {xi, . . . , x^} U {yi, . . . , ^2™}- The subgraph X is 
clearly an oriented clique and, therefore, Xo{Km,n) > Xo{X) = m + 2"^. On the other 
hand, Xo{Km,n) < X+(i^m,„) < m + 2™. 

If n < 2"^, we get Xo{Km,n) > |^(-^m,n)| = m + n hy considering the orientation of 
Km,n corresponding to the subgraph of the above defined oriented graph X induced by 
the set of vertices {xi, . . . , x.m} U {yi, . . . , yn}- Since Xo{Km,n) < \V{Km,n)\, the result 
follows. n 

As said before, many upper bounds on the oriented chromatic number of classes of 
undirected graphs have been obtained by providing some oriented graph T such that 
every orientation of every undirected graph in the class admits a homomorphism to 1 . 
Therefore, every such upper bound also holds for the upper oriented chromatic number of 
the same graphs. The following theorem summarizes some of these results. Let us recall 
that a graph is outerplanar if it has a planar drawing with all vertices lying on the outer 
face. A graph is 2- outerplanar whenever it admits a planar drawing such that deleting 
all the vertices of the outer face produces an outerplanar graph. The acyclic chromatic 
number of an undirected graph G is the smallest number of colors needed in an acyclic 
coloring of G, that is a proper coloring of G in which every cycle uses at least three colors. 

Theorem 5 Let G be an undirected graph. We then have: 

1. If G is a forest with at least three vertices, then xti^) ~ 3 [12]? 

2. If G = Gk is a cycle on k > 3 vertices, then xti^) — ^ when k j^ 5, and x^(G') = 5 
when k = 5 \T2], 

3. If Xa{G) < a, then xti^) — ^2"^^ [llj, and this bound is tight for a > 3 [9], 

4. If G is an outerplanar graph, then xti^) — "^ ^'^^ ^^^■^ bound is tight |12j . 

5. If G is a 2-outerplanar graph, then x^(G') < 67 0, 

6. If G is a planar graph, then Xoi^) — ^0 [TT] . 

7. If G is a triangle-free planar graph, then xti^) < 59 [8]; 

8. If G has maximum degree A{G) = k, then xti^) — 2A;^2'^ [5]. 

Let G be an undirected graph. The square of G is the graph G^ defined by 
V{G^) = V{G) and E{G^) = {{u,v}, 1 < dGiu,v) < 2}, where dGiu,v) denotes the dis- 
tance between vertices u and v in G. The following theorem provides an upper bound on 
the upper oriented chromatic number of an undirected graph depending on the chromatic 
number of its square: 

Proposition 6 For every undirected graph G with k = x(G'^), xt{G) < 2^^ — 1. 

Proof. Let cr be a proper /c-coloring of G^ and S be the set of 2'^ — 1 elements defined as 

S = {[a, 61, ... , ba-i], l<a<k, biE {0,1}, l<i<a-l}. 

Let now G be any orientation of G. We define a mapping ip from V{G) to S as follows. 
For every vertex u G V{G), we set fi^u) = [a{u), bi{u), . . . , 6a(«)-i(^)] where: 

1. a{u) = a{u), 



2. for every i, 1 < i < a{u) — 1, if -u has a neighbor v with a{v) = i such that {v, u) is 
an arc in E{G) then ai{u) = 1, otherwise ai{u) = 0. (Since a is a proper coloring 
of G^, if such a vertex v exists it must be unique.) 

We claim that ip is an oriented coloring of G . Observe first that if u and v are adjacent 
vertices in G, then (p{u) ^ (p{v) since a{u) ^ cr(f). Suppose now that there exist two 
arcs {u,v) and {w,x) in E{G) such that (p{u) = ^{x) and ip{v) = (p{w). li u = x, 
then a{v) ^ a{w) since a is a proper coloring of G^, a contradiction. Otherwise, we 
may assume without loss of generality that i = a{u) = a{x) < a{v) = a{w). Since 
{u,v), {w,x) G E{G), we get bi{v) = 1 and bi{w) = 0, again a contradiction. 

The mapping ip is thus an oriented coloring of G using at most 2^^ — 1 colors and the 
result follows. D 

Since x{G^) ^ ^(G*) + 1 for every graph G, Proposition |6] does not give an interesting 
general bound for classes of graphs with unbounded degree. 

Let G and H be two undirected graphs. The Cartesian product of G and H is the 
undirected graph GnH defined by V{GnH) = V{G) x V{H) and {[u,v],[u',v']} is 
an edge in E{G □ H) if and only if either u = u' and {v, v'} G E{H) or ti = t)' and 
{u,u']eE{G). 

The strong product of G and H is the undirected graph G^ H defined by V{G Kl H) = 
V{G) X V{H) and {[ti, f], [«', v']} is an edge in E{G Kl i/) if and only if either u = u' and 
{v,v'} e ^(if) or w = w' and {u,u'} G £;(G) or {m,m'} G £;(G) and {t;,v'} G E{H). 

The direct product of G and i/ is the undirected graph G x H defined hj V{G x H) = 
V{G) X V{H) and {[u,v], [u\v']} is an edge in E{G x H) if and only if {u,u'} G e[g) 
and{f,t;'} e E{H). 

The lexicographic product of G and if is the undirected graph G[H] defined by 
V{G[H]) = V{G) X V{H) and {[u,v], [u',v']} is an edge in E{G[H]) if and only if ei- 
ther {u, u'} G E{G) or u = u' and {v, v'} G E{H). 

Cartesian, strong, direct and lexicographic products of oriented graphs are defined 
similarly, by replacing edges by arcs in the above definitions. 

It is not difficult to see that the Cartesian, strong and direct products are symmetric 
operations while G[H] and H[G] are generally not isomorphic graphs (this justifies our 
notation for the lexicographic product). However, these four products are associative. 
Moreover, GaHCGMH,GxHCGMH and GMHC G[H] for every undirected 
or oriented graphs G and H. Therefore, every upper bound on the upper (or ordinary) 
oriented chromatic number of G[H] (resp. G Kl H) holds for G Kl i7 (resp. GO H and 
Gx H). 

Following the reference book of Imrich and Klavzar j4j, we shall denote by G^ (resp. 
Hu) the v-layer (resp. the u-layer) oiG^H,GOH or GxH, that is the subgraph 
induced by V{G) x {v} (resp. {u} x V{H)), for every v G V{H) (resp. u G V{G)). 

The study of the oriented chromatic number of Cartesian and strong products of 
graphs has been recently initiated by Natarajan, Narayanan and Subramanian [?]. In 
particular, they proved that for every undirected graph G, Xo(G □ Pfc) < {'^k — l)xo{G) 
and Xo{G □ Gk) < 2kxo{G) for every /c > 3. We shall improve these two bounds in 
Section [51 



3 Lexicographic products 

Concerning the oriented chromatic number of the lexicographic product of oriented graphs, 
we have the following: 

Theorem 7 If G , H, T and U are oriented graphs such that G -^ T and H ^ U , 
then G\H] — )■ T[U]. Therefore, for every oriented graphs G and H, 



o0[l^]) < Xo0)Xo(^)- 



X. 



Proof. Let a : G —^ T and (3 : H —^ IJ he two homomorphisms. Let now Lp : 

V{G[n]) — > V{T[U]) be the mapping defined by ip{[u^v]) = [a{u), /3{v)] for every 
vertex [u,v] in V{G[n]). 

We claim that y? is a homomorphism. To see this, let {[u, v], [u', v']) be an arc in G [H]. 
We then have ip{[u,v]) = [a{u),/3{v)] and v{[u',v']) = [a{vf), ^{v')]. If {u,u') e E0), 
then {a{u),a{u')) G E{T). \i u = u' and {v,v') G E{n), then a{u) = a{u') and 
{l3{v), l3{v')) G E{U). Therefore, every arc in G[H] is mapped to an arc in T[f/] and (f 
is a homomorphism. 

The inequality XoiG[H]) < Xo{G)Xo{H) directly follows from the definition of the 
oriented chromatic number. D 

For the lexicographic product of directed paths, we have the following: 



->, 



Theorem 8 For every k,i>3, XoiDPk[DPi]) = 9. Therefore, the bound given in Theo- 
rem [^ is tight. 

Proof. Since Xo{P) ^ 3 for every oriented path P, we have XoiDPk[DPe]) < 9 by 
Theorem [71 Since any two vertices in DP^IDPs] are linked by a directed path of length 
1 or 2, we have XoiDpk[DPi]) > Xo(dPz\DP3]) = 9 for every kj>3. D 

The following result provides a general upper bound on the upper oriented chromatic 
number of lexicographic products of undirected graphs. 

Theorem 9 Let G and H be two undirected graphs with k = xiG"^) o.'^d n = \V{H)\. We 
then have 



Proof. Let a be a proper A;-coloring of G^ and i = xti^). Let U be an oriented graph 
of order i such that H ^^ U for every orientation H oi H and T be the oriented graph 
of order n + 2"' such that Kn,n ^ ^ for every orientation Kn,n of Kn,n, as defined in the 
proof of Theorem |4] (we consider here the case m = n). We define the digraph W by 

V(^) = { [a, 6, ci, . . . , Cfc], l<a<k, l<b<£, 
Ca = 0, 1 < Q < n + 2", l<i<k, i^a} 



and ([a, 6, ci, . . . , Ck], [a', 6', c'^, . . . , c^) is an arc in E{W) if and only if either a = a' and 

{b,b') G E{u), or a 7^ a' and {ca'.d^ G E{T). The digraph VF is clearly an oriented 
graph of order k£{n + 2")'^"^. 



Let now G[H] be any orientation of G[H], H^ be the oriented copy of H induced by 
the set of vertices {u] x V{H) and A^ : Hu — )■ [/ be a homomorphism. If {u, u'} is an 



edge in G, let jU„ „/ be a homomorphism of the oriented subgraph of G[H\ induced by the 
set of vertices {«,«'} x V{H) to T . We shall now construct a mapping Lp from V{G[H]) 
to y(VF), and prove that this mapping is a homomorphism, which will give the desired 
result. 



Let [u,v\ be any vertex in V{G[H\) and ip{[u,v\) = [a, 6, ci, . . . , c^] be defined as 
follows: 

(i) a = a{u), 
(ii) b = Xuiv), 

(iii) if there is a neighbor u' oi u in G with a{u') = a', then Ca' = /i«,u'(['U, v]), otherwise 
Ca' = 0. 

Note that if such a neighbor u' of m exists in item (iii), then it must be unique since a is 
a proper coloring of G^. 

Let now ([tt, f], [«', f']) be any arc in E{G[H]), Lp{[u,v]) = [a,b,Ci, . . . ,Ck] and 
Lp{[u',v']) = [a' ,b' ,c'i, . . . ,c'^]. li u = u', then a = a{u) = a{u') = a' and 
{b,b') = {Xu{v),Xu{v')) G E{t). li u ^ u', then {u,u'} G E{G), Ca^ = /x„x([ix, z;]), 
c'a = fJ'u,u'i[u' ,v']) and, therefore, {ca',c'^) G E{T). Every arc of G[H] is thus mapped to 
an arc of W and (/? is a homomorphism. D 

Since x{P^) ^ 3 ^"^^ xti^) — 3 for every path P, Theorem [H] implies that for every 

k,i>3,xtiPk[Pi])<Hi+2'y- 

4 Strong products 

Since G ^ H C G[H] for every two oriented graphs G and H, Theorem [7] implies the 
following: 

Corollary 10 For every oriented graphs G and H , 

Xo0^t)<Xo0)Xo{t). 



This result can be strengthtened as follows: 

Theorem 11 If G , H , T and U are oriented graphs such that G ^^ T and H ^ U , 

then ~d m1^ ^^ mU . 

Proof. Let a : G — )■ T and f3 : H ^ U he two homomorphisms. Let now ip : 

V{G M H) — > V{T M U) be the mapping defined by (p{[u,v]) = [«(«), /3(f)] for every 
vertex [u,v] in V(G M 1^). 



We claim that y? is a homomorphism. To see this, let ([«, f], [ti', f']) be an arc in 
'3 mil. We then have ip{[u,v]) = [a{u),(3{v)] and ipi[u',v']) = [a{u'), P{v')]. li u = u' 
and {v,v') G E{H), then a{u) = a{u') and (/3(f), /3(f')) e E{U). Similarly, ii v = v' and 
{u,u') G E0), then /3(t;) = /3{v') and («(«),«(«')) e E{f). Finally, if (M,ii') G E0) 
and (i;,t;') G ^(^_)^ then {a{u),a{u')) G £;(7^) and (/3(t;), /3(t;0) e ^(f/). Therefore, 
every arc in G Kl ii is mapped to an arc in T M U and 92 is a homomorphism. D 

Since Xo{P) = 3 for every oriented path P, Corollary [TO] gives that the oriented 
chromatic number of the strong product of any two oriented paths is at most 9. We can 
decrease this bound to 7 for directed paths and show that this new bound is tight: 

Theorem 12 For every k,i>3, Xo{DPk ^ Dpe) = 7. 

Proof. Let DPk = Xi . . .Xk and DPe = yi . . .ye. All arcs in E{DPk Kl DPi) are 
either of the form {[xi,yj\,[xi+iy.j\), or {[xi,yj\,[xiyj+i]), or {[xi,yj\,[xi+iyj+i]). Let 
T -J = r(7; 1,2,3) be the circulant tournament defined by V{T'j) = {0,1,..., 6} and 
(i, j) G E(Tj) if and only if {j - i) mod 7 G {1,2,3}. We will show that DPi ^ Dpe 
admits a homomorphism to T7, which proves Xo{DPk Kl DPi) < 7. 

Let if : V{DPk Kl DPe) — > V{Tj) be the mapping defined by kp{[xi,yj\) = 2j + i 
(mod 7), for every i,j, 1 < i < k, 1 < j < £. For every arc {u,v) in DP^ Kl -DP^, 
we claim that ip{v) — ip{u) G {1,2,3}. If {u,v) is of the form {[xi,yj],[xi+iyj]), then 
Lp{v) — (/?(«) = 2j + 2 + 1 — 2j — 2 = 1. If {u,v) is of the form {[xi,yj], [xj^j+i]), then 
(/?(f ) — ip{u) = 2(j + 1) + « — 2j — z = 2. Finally, if {u, v) is of the form ([xj, ?/j], [xj+ii/j+i]), 
then (p{v) — </?(«)) = 2(j + 1) + 2 + 1 — 2j — i = 3. Every arc of DP^ Kl DP^ is thus mapped 
to an arc of 77 and (p is a homomorphism. 

To see that this bound is tight, it is enough to observe that any two vertices in the 
subgraph X of DPk Kl DPi induced by the set of vertices 

{ [xi.yi], [x2,yi], [x2,y2], [2^2,2/3], [x3,yi], [x3,y2], [xs.ya] } 

are linked by a directed path of length 1 or 2. Therefore, XoiDP^ Kl DPg) > Xo{X) = 7 
and the result follows. D 

The following result provides a general upper bound on the upper oriented chromatic 
number of strong products of undirected graphs. 

Theorem 13 For every undirected graphs G and H, 

XUG ^H)< (2^(^^) - l)xiG)xUG)xtiH). 

Proof. Let k = x(if^), i = x(G'), m = xtiG) and n = xtiH). Moreover, let T be an 
oriented graph of order m such that G ^ T for every orientation G of G and U be an 
oriented graph of order n such that H ^ U for every orientation H of H. 
Let now W be the digraph defined by 

y(i^) = {[a,/3,/x,A,ci,...,C;,_i], aG{l,2,...,£}, /3 E {1,2, . . . ,k}, 



liE{l,2,...,m}, AG{l,2,...,n}, Q G {0, 1}, 1 < i < /3 - 1} 

', A,ci,.. 
the following holds: 



and ([a, (3, /x. A, ci, . . . , c^], [a' , (3', jj! , A', c'^, . . . , c';.]) is an arc in E{W) if and only if one of 



(i) a = a' and (A, A') e E(i!), 

(ii) ay^a', /3 = /3' and (/i,/i') G eC?), 
(iii) a ^ a', (3 < /?', and c^ = 1, 
(iv) a ^ a', (3 > /?', and c^/ = 0. 

The graph W is clearly an oriented graph (with no opposite arcs) of order (2^ — l)imn. 

Let now G Kl ii be any orientation of G Kl iJ, 7 be a proper ^-coloring of G, and h 
be a proper fc-coloring of H^. For every vertex u G V^(G), let ^^j : Hu — ?• [/ be a homo- 
morphism. Similarly, for every vertex v G V{H), let A^, : (7„ — )■ T be a homomorphism. 

We shall now construct a mapping ip from y(G Kl H) to V(iy), and prove that this 
mapping is a homomorphism, which will give the desired result. 

Let [m, v] be any vertex in V{G M H) and </?([«, f]) = [a, /3, /U, A, Ci, . . . , c^] be defined 
as follows: 

(i) a = 7(m), 

(ii) /3 = hiv), 

(iii) /i = Hviu), 

(iv) A = Xu{v), 

(v) if there is an arc {[w, x], [m, v]) in £'(G Kl ii) such that u ^ w and /i(x) < h{v), then 

C/i(x) = 1, 

(vi) if there is an arc ([m, v], [w, x]) in E{G Kl ii) such that u ^ w and /i(a;) < h{v), then 

Ch(x) = 0, 
(vii) every q that has not been set in (v) or (vi) is set to 0. 

Note that in items (v) and (vi) above, if such an arc exists, then it must be unique since 
h is a. proper coloring of H^. 

Let now ([M,f], [u', v']) be any arc in E{G M H), ip{[u,v]) = [a, (3, fi, A, Ci, . . . , c^], and 
(fi{[u',v']) = [a' , /3',/i', A', c']^, . . . , c'^]. Ii u = u' then a = a' and (A, A') = {Xu{v), Xu{v')) G 

E{lJ). Similarly, ii v = v' then 13 = 13' and {fi, fi') = (fiviu) , fJ-viu')) G E{T). Now, if 
u ^ u' and v 7^ v\ then a ^ a' , [3 ^ (3', and either 13 < (3', in which case c^Jj = 1, or 

/3 > /3', in which case C/3/ = 0. Every arc of G Kl ii is thus mapped to an arc of W and tp 
is a homomorphism. D 

Since x(-P) = 2 and x(P^) = xj^(-P) = 3 for every path P, we get the following: 

Corollary 14 For every k,i>3, xt{Pk ^ Pt) < (2^ - 1).2.3.3 = 126. 

For k = 2 and k = 3, Natarajan, Narayanan and Subramanian [7J obtained better 
bounds by (imphcitely) proving that xtiP2 ^ Pi) < H and xtiPs ^ Pi) — 67, for every 
i>3. 

5 Cartesian products 

Since G D ii C G[ii] for every two oriented graphs G and H, Theorem [7] also implies 
the following: 

Corollary 15 For every oriented graphs G and H , 

Xo0nt)<Xo0)Xo{t). 



As before, this result can be strengthtened as follows: 

Theorem 16 If G , H , T and U are oriented graphs such that G ^ T and n ^ U , 

then ~du^ ^^ulJ . 

Proof. The proof is similar to the proof of Theorem [TTl Let a : G —^ T and (3 : H ^ u 
be two homomorphisms. Let now ip ■.V{G ^ H) — > V{T O U) he the mapping defined 
by (p{[u,v]) = [a{u), j3{v)] for every vertex [u,v] in V{G □ n). 

We claim that (/? is a homomorphism. To see this, let ([m,!"], [ti', f']) be an arc in 
^n;^. We then have ip{[u,v]) = [a{u),l3{v)] and ip{[u',v']) =_\a{u'), I3{v')]. li u = u' 
and {v,v') G e(h), then a{u) = a{u') and {^{v),^{v')) e e(U). Similarly, ii v = v' 
and {u,u') G E{G), then /3{v) = /3{v') and {a{u),a{u')) G E{T). Therefore, every arc in 
G □ ii is mapped to an arc in T □ u and ip is a homomorphism. D 

Corollary [15] implies that the oriented chromatic number of the Cartesian product of 
two oriented paths is at most 9. From Theorem [121 we get that the oriented chromatic 
number of the Cartesian product of any two directed paths is at most 7. These two bounds 
can be improved as follows (this result also follows from a result of Natarajan et al. [7J): 

Theorem 17 For every oriented paths Pk and Pi, k,£ >1, Xo{Pk ^ Pe) < 3. 

Proof. Let Pk = Xi . . .Xk and Pi = yi . . .ye. Let C3 be the directed cycle on three 
vertices given by V(cl) = {(\1,2} and E(cl) = {(0, 1), (1, 2), (2, 0)}. We inductively 
define a mapping ip : V{Pk □ Pe) — >■ V^C^) as follows: 

(i) ^[xi,yi\ = 0, 

(ii) for every j, 2 < j < i, Lp{[xi,yj]) = ip{[xi,yj-i]) + 1 (mod 3) if (?/j-i,%) G £^(K), 

and Lp{[xi,yj]) = (p{[xi,yj-i]) — 1 (mod 3) otherwise, 
(iii) for every i, 2 < i < k, and for every j, I < j < i, (f{[xi,yj]) = (/?([xj_i, ?/j]) + 1 
(mod 3) if (xj_i,Zj) G E{Pk), and Lp{[xi,yj]) = (p{[xi^i,yj]) — 1 (mod 3) otherwise. 

It is then routine to check that the mapping ip is a. homomorphism and thus Xo{Pk ^ Pe) < 
3. D 

We now consider the upper oriented chromatic number of Cartesian products of undi- 
rected graphs. 

Theorem 18 If G and H are two undirected graphs with k = min{x{G) , x{II)} , then 

xt{GUH)<kxt{G)xt{H). 



Proof. Assume without loss of generality that k = x{EI) and let A be a proper /c-coloring 
of H . Let T and U be two oriented graphs of order xtip) ^^^ x+(ii), respectively, such 
that G ^ T for every orientation G of G and H ^ U for every orientation H of H. 
Let now W be the oriented graph defined by 

V{^) = {[i,a,b], l<i<x{H), aeV{f), beV(l))} 



and {[£, a, b], [£', a', b']) G E(^) if and only if either £ = £' and (a, a') G eC?) or £ 7^ f and 
(6, 6') G E(U). We shall prove that any orientation of G □ i^ admits a homoniorphism to 
W, which gives the desired result. 

Fix any orientation GOH oi GOH. For every v G V{H), let a^, : G^, — )■ T be a 
homomorphism. Similarly, for every u G V{G), let /^^j : //„ -^ U he a homomorphism. 

Let tp : V{G □ H) — > V{W) be the mapping defined by ip{[u,v]) = [X{u), a^iu), f^uiv)] 
for every [u,v] G V{GOH). We claim that (p is a homomorphism. To see this, let 
([-u, f], [ii',ij']) be an arc in GDH. We then have (p{[u,v]) = \X{u) , av{u) , j3u{v)] and 
ip{[u',v']) = [\{u'),a^'{u),l3u'iv)]. li u = u' and {v,v') G E(h), then X{u) = A(m'), 
/3n = /3u' and, therefore, ([A(ti), a„(w), /3„(f)], [A(w'), a^,/(M),/3„/(t;)]) G £'(H^). Simi- 
larly, ii V = v' and {u,u') G E{G), then A('u) 7^ A(ii'), a^ = a^/ and, therefore, 

([A(«),«,H,/3„(t^K),«.'M,/3n'(^')]) e ^(i^). _^ 

Every arc in G O H is thus mapped to an arc in W and </? is a homomorphism. D 



Since x{P) ^ 2 and x^(-P) < 3 for every path P, Theorem [18] implies that 
X'^^Pk^Pi) < 2.3.3 = 18 for every k,£ > 3. In [3], Fertin, Raspaud and Roychowd- 
hury (implicitely) proved that the upper oriented chromatic number of the Cartesian 
product of any two paths is at most 11. 

Moreover, since x(T) < 2 and X^(T) < 3 for every tree T, we get the following: 

Corollary 19 Let T be a tree. For every undirected graph G, xti^ ^ T) < 6X0 (G). 

In the same vein, since the cycle C5 has upper oriented chromatic number 5 and every 
cycle except C5 has upper oriented chromatic number 4, we obtain: 

Corollary 20 Let Ck be the cycle on k vertices. For every undirected graph G, 
xtiG □ C5) < l5xtiG), and x+(G D C^) < l2xtiG) for every k>3,k^5. 

These two corollaries improve the results of Natarajan, Narayanan and Subrama- 
nian [7], who proved that XoiGOP^) < {2k - l)Xo{G) and Xo{GnCk) < 2kxo{G) for 
every graph G. 

6 Direct products 

Since G x i/ C G [ii] for every two oriented graphs G and ii, we get from Theorem [7] 
that Xo{G X if) < Xo{G)Xo{ii). This bound can be improved as follows: 

Theorem 21 For every oriented graphs G and H , 

Xo0 ^t) <Tmn{xo0),Xo(t)}. 

Proof. This result directly follows from the fact that G x n ^^ G and G x H -^ H 
since the mapping 7 : V(g x H) — )■ V(G) (resp. 7 : V(G x H) — > V(h)) defined by 
7([ti,f]) = u (resp. 7([M,t']) = v) is clearly a homomorphism from G x H to G (resp. to 
#). D 

We now consider the upper oriented chromatic number of direct products of undirected 
graphs. 



Theorem 22 For every undirected graphs G and H with k = x{G^) '^''^d i = xiH"^), 

2He-i) _ I 



XliG xH)< 



2^-1 



Proof. Let W be the digraph defined by 

V{W) = { [a, (3, ci,i, . . . , ci^e, ..., Ca-i,i, • • • , c„_i,^], l<a<A:, I < (3 < i, 

Q,, e {0, 1}, c,,^ = 0, l<t<a-l, l<j<i} 
and 

{[a, /3, Ci^i, . . . , Ci^£, . . . , Ca-1,1, . . . , Ca-i/], [a , /3 , c-^^i, . . . , c^^^, . . . , c^,_^-^^, . . . , c^'^i^i]) 

is an arc in E{W) if and only if one of the following holds: 

(i) a < a', (3 < (3' and c'^^^ = 1, 

(ii) a < a' , (3 > (3' and c'^j^ = 0, 

(iii) a > a' , (3 < (3' and Ca',/3 = 1, 

(iv) a > a', /? > /?' and Ca',/3 = 0. 

The digraph W is clearly an oriented graph of order 1+2^^ -'^+- ■ ■+2*^^^^^*^^^-'^^ = ^^r^r:^- 

Let now G x H he any orientation of G x i/, a be any proper A;-coloring of G^ and 

b be any proper ^-coloring of H^. We shall now construct a mapping (/? from V{G x i/) 

to y(VK) and prove that this mapping is a homomorphism, which will give the desired 
result. 

Let [u,v] be any vertex in V{G x H) and 

ip[[u, v]) = [a, 13, ci,i, . . . , ci^e, • • • , Ca_i,i, . . . , Co,-i/] 

be defined as follows: 

(i) a = a{u), 
(ii)/3 = &M, 

(iii) if there is an arc {[u, v], [w, x]) in E{G x H) such that a{u) > a{w) and b{v) < b{x), 
then Ca(^)^fe(a;) = 1, 

(iv) if there is an arc ([w,t;], [i«,x]) in E(G x H) such that a{u) > a(w) and b(v) > b(x), 

then Ca(w),b{^) = 0' 
(v) if there is an arc ([tf,x], [u,v]) in E{G x H) such that a(w) > a{w) and 6(v) < b{x), 
then Ca(„,),fe(a;) = 0, 

(vi) if there is an arc ([tf,x], [u,v]) in E{G x H) such that a(w) > a{w) and 6(t;) > 6(x), 

then Ca(w),b{x) = 1' 
(vii) every q that has not been set in (iii), (iv), (v) or (vi) is set to 0. 

Note that in items (iii) to (vi) above, if such an arc exists, then it must be unique 
since a and b are proper colorings of G^ and H^, respectively. 
Let now {[u, v], [u', v']) be any arc in E{G x H), with 

ip[[u, v]) = [a, /3, ci,i, . . . , ci^e, • • • , Ca-i,i, • • • , Co,-i/] 



and 

ip([u', v']) = [a, 13', q^i, . . . , c'l^^, . . . , c'„,_i^i, . . . , c'^,_i,^]. 

We thus have {u,u'} G E{G) and {v,v'} G E{H). 

Suppose first that a = a{u) < a'{u) = a'. In that case, if /3 = b{v) < /?' = b{v') then 
^'ab(v) ~ -'-' otherwise c'^u^,) = 0. Suppose now that a' = a{u') < a{u) = a. In that case, 
if /3 = b{v) < [5' = b{v') then Ca'^^v) = 1, otherwise Ca'^b(v') = 0. Therefore, in all cases, Lp 
maps the arc ([if,f], [m',v']) to some arc in E{W) and is thus a homomorphism. D 



Since x(P ) = 3 for every path P, we get that the direct product of any two paths 
has upper oriented chromatic number at most ^rr^" = ^ = 21. However, every such 
product is the disjoint union of two components that are almost grid graphs and it has 
been (implicitely) shown in [3] that the upper oriented chromatic number of any such 
component is at most 11. 

7 Discussion 

In this paper, we introduced and initiated the study of a new parameter called the upper 
oriented chromatic number of undirected graphs which, from our point of view, arises 
"naturally" in the framework of oriented colorings. We gave some general upper bounds 
on the upper oriented chromatic number of several types of product graphs and derived 
some upper bounds on the ordinary oriented chromatic number of such graphs. 

We hope that this new parameter will motivate further research. In particular, most of 
our upper bounds for product graphs can be significantly improved when considering spe- 
cific graph classes (a first step in this direction was our results on products of paths). For 
instance, it would be interesting to determine the upper and ordinary oriented chromatic 
numbers of products of trees, outerplanar graphs or, more generally, of partial A;-trees. 

In [12], we conjectured that the oriented chromatic number of every connected cubic 
graph is at most 7 and, to our knowledge, this conjecture is still open. A related question 
is thus the following: 

Question 1 Determine the upper oriented chromatic number of cubic graphs. 



It has been proved in [13] that every orientation of any cubic graph admits a homo- 
morphism to the Paley tournament of order 11 and, therefore, xti^) — H ^^ every cubic 
graph G. This upper bound can probably be improved. On the other hand, we know that 
there exists cubic graphs with oriented chromatic number 7 |12j . 

Every tree has upper oriented chromatic number at most 3 and we know that there 
are trees with oriented chromatic number 3. Every such tree T thus satisfies the equality 
X^(T) = Xo{T). This property also holds for every outerplanar graph (or, more generally, 
for every partial 2-tree) with oriented chromatic number 7. These observations lead to 
the following question: 

Question 2 Give necessary or sufficient conditions for a graph G to satisfy the equality 
xt{G) = Xo{G). 

The notion of the oriented chromatic index of an oriented graph G has been introduced 
in [in], and is defined as the smallest order of an oriented graph T such that the line 
digraph LD(G) of G admits a homomorphism to T . (Recall that LD[G) is given by 



V{LD{G)) = E{G) and for every two arcs {u,v) and {u',v') in E{G), {{u,v),{u',v')) is 
an arc in E(LD{G)) if and only ii v = u'.) In the same vein, we can thus define the upper 
oriented chromatic index of an undirected graph G as the smallest order of an oriented 
graph U such that the line digraph of every orientation of G admits a homomorphism 
to U. Here again, many upper bounds obtained for the oriented chromatic index of 
specific graph classes implicitely deal with the upper oriented chromatic index of these 
classes. We thus propose to study this other parameter as well. 
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